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Dilations of unitary tuples
Dilations of tuples A < B

A= (Ay,...,Aq) € B(H)*
B = (By,...,By) € B(K)?, where K O H

Definition

A is said to be a compression of B if
f4i = f%qlgi‘?{ for all 7 = 1,.. .d

We then say that B is a dilation of A, and we write A < B.

Equivalently
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Dilations of unitary tuples
Dilations of tuples A < B

A= (Ay,...,Aq) € B(H)*
B = (By,...,By) € B(K)?, where K O H

Definition

A is said to be a compression of B if
f4i = f%qlgi‘?{ for all 7 = 1,.. .d

We then say that B is a dilation of A, and we write A < B.

Equivalently

Add flexibility: say A ~ A’
if A =m(A):= (r(A1),...,7(Ay)) for a x-iso 7 : C*(A) — C*(4").
New definition: A < Bif A’ < B’ for A~ A’ and B ~ B’.
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Dilations of unitary tuples

Commuting unitary dilation for noncommuting operators
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Want to dilate tuples of contractions to tuples of commuting unitaries.
It is too much to ask for...

Problem

Find the minimal constant Cy, such that for every d-tuple

A= (Ay,...,Ay) of contractions, there exists a d-tuple of commuting
unitaries U = (Uy, ..., Uy) such that
A=< CyU

Note: unitaries, commuting normal contractions.

What we knew (one year ago):
1. Easy Cy < d (blackboard)
2. Vd < Cy<+/2d (PSS 2018, Passer 2019)
3. Ford=2 V2<1543<Cy <2=+2-2=2
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Dilations of unitary tuples

Dilation constants

For tuples u = (u1,...,uq) and v = (v1,...,vg) of unitaries we define

c(u,v) =inf{c € Ry : u < cv}
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Dilations of unitary tuples

Dilation constants

For tuples u = (u1,...,uq) and v = (v1,...,vg) of unitaries we define
c(u,v) =inf{c € Ry : u < cv}

Example:
- u universal free d-tuple — canonical generators of C*(IFy)

- ug universal commuting d-tuple — canonical generators of C(T¢)
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Dilations of unitary tuples

Dilation constants

For tuples u = (u1,...,uq) and v = (v1,...,vg) of unitaries we define
c(u,v) =inf{c € Ry : u < cv}

Example:
- u universal free d-tuple — canonical generators of C*(IFy)

- ug universal commuting d-tuple — canonical generators of C(T¢)
c(u,up) = Cq c(ug,u) =1
Recall bounds: vd < Cy = c(u,uy) < V2d

How to improve bound from below? Estimate the dilation constant
c(u, up) where is u is some very noncommutative tuple of unitaries.
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Theorem (Gerhold-S. 2022)
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Dilations of unitary tuples

f-commuting unitaries

A unitary pair (U, V) is 6-commuting if VU = UV .
Let ug = (ug,1,up2) be the universal §-commuting pair.

Theorem (Gerhold-S. 2022)

4

Cop .= Cl\Up., U =
R R ST

0 o05n n 151 2n

This pushes up lower bound: Cy > maxgcg > 1.543 > /2
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Dilations of unitary tuples

Free Haar unitaries

Example: The free Haar unitaries u* = (uy,...,u)) on ¢*(F,), where
Fq = {g1,...,94q) is the free group and we use the left regular rep'n:

U?(Sg i=0g,g ( = )‘gi(SQ)

6/12



Dilations of unitary tuples

Free Haar unitaries

Example: The free Haar unitaries u* = (uy,...,u)) on ¢*(F,), where
Fq = {g1,...,94q) is the free group and we use the left regular rep'n:
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Example: The free Haar unitaries u* = (uy,...,u)) on ¢*(F,), where
Fq = {g1,...,94q) is the free group and we use the left regular rep'n:

uf‘ég = 0g,g ( = )\gi(Sg)

Theorem (Gerhold-Pandey-S.—Solel 2021)

\/1——<cu ug) <2\/1—

It is known that C; > /d .. .this is a lousy lower bound.
Shows the difference between C*(F;) and C}:(Fy)!

The free Haar unitaries are not very noncommutative
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Upper bounding Co

A

Upper-bounding C,; via the free Haar unitaries u

Recall bounds: vd < C; = c(u,ug) < V2d
Theorem (Gerhold-Pandey-S.—Solel 2021)

[ 1 [ 1
2 1—C—l§c(u)‘,uo)§2 1= =<2
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Upper bounding Co

Upper-bounding Cy via the free Haar unitaries u*

Recall bounds: vd < C; = c(u,ug) < V2d
Theorem (Gerhold-Pandey-S.—Solel 2021)

[ 1 / 1
2/1— = < e(u <N/1-——<2
<c(ut,up) < =

Theorem (Gerhold-Pandey-S.—Solel 2021)

d
V2d -1

c(u,u?) =
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Upper bounding Co

Upper-bounding Cy via the free Haar unitaries u*

Recall bounds: vd < C; = c(u,ug) < V2d
Theorem (Gerhold-Pandey-S.—Solel 2021)

1 1
20/1— = < e(u <24/1— =<
< c(ut,up) < 2d_2

Theorem (Gerhold-Pandey-S.—Solel 2021)

d
V2d -1
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Upper bounding Co

Upper-bounding Cy via the free Haar unitaries u*

Recall bounds: vd < C; = c(u,ug) < V2d
Theorem (Gerhold-Pandey-S.—Solel 2021)

1 1
20/1— = < e(u <24/1— =<
< c(ut,up) < 2d_2

Theorem (Gerhold-Pandey-S.—Solel 2021)

d
V2d -1

Observation (blckbrd): c(u,uo) < c(u,u?) x c(u?, ug)

Recover the nontrivial:
d / 1
X 24/1—— =+vV2d
Vvad -1 2d

but for d = 2 we get the trivial Cy < 2.

c(u,u?) =

Cd = c(u, UO) <
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Upper bounding Co

Upper-bounding C5 via random unitary matrices

Ford=2: v2=2,/1-1 <c(uMu) <2,/1- 75 =3
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Upper bounding Co

Upper-bounding C5 via random unitary matrices

Ford=2: v2=2,/1-1 <c(uMu) <2,/1- 75 =3
Conjecture: c(u?, up) = v/2

Known: c(u,u") = \/W =2//3
Consequence: Cy < c(u,u) x c(u,ug) = 2/V3 x V2 = 2\/g <2

Theorem (Gerhold—Scherer-S. 2026, based on Gerhold-S. 2021)

Let UN = (U ,U) be a sequence of pairs of independent Haar
distributed unitary N x N matrices. Then

c(u?, ug) < l}\r/&i&f c(UN,ug) as.
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Upper bounding Co

Upper-bounding C5 via random unitary matrices

Ford=2:v/2=2
Conjecture: c(u?, up) = v/2

Known: c(u,u") = \/W =2//3
Consequence: Cy < c(u,u) x c(u,ug) = 2/V3 x V2 = 2\/g <2

Theorem (Gerhold—Scherer-S. 2026, based on Gerhold-S. 2021)

Let UN = (U ,U) be a sequence of pairs of independent Haar
distributed unitary N x N matrices. Then

c(u?, ug) < l}\r/&i&f c(UN,ug) as.

But for fixed N the constant c¢(U”, ug) can be estimated numerically.
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Upper bounding Co

Semi-rigorous C5 via random unitary matrices

Goal: to bound Cy by Cy < c(u, u?) x c(u?, ug) = 2/v/3 x c(u?, ug)
Theorem (Gerhold—Scherer-S. JXM 2026)

V2 < c(ut, ug) < liminfy oo c(UN,ug) a.s.
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Upper bounding Co

Semi-rigorous C5 via random unitary matrices

Goal: to bound Cy by Cy < c(u, u?) x c(u?, ug) = 2/v/3 x c(u?, ug)
Theorem (Gerhold-Scherer-S. JXM 2026)

V2 < c(ut, ug) < liminfy oo c(UN,ug) a.s.

Empirical evidence (Gerhold—Scherer-S. JXM 2026)
limy 00 c(UN, up) = v/2 as. thus c(ut,ug) = v/2 and Cy < 2\/g < 2.

C vs N for 10 runs (k = 8)

1.4450

1.4425

O 1.4400

1.4375

1.4350
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Upper bounding Co

lan Thompson's breakthrough results

Three months ago: 1.543 < C5 and confidently C5 < 2\/2 ~ 1.633.
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Upper bounding Co

Dilation to commuting unitaries

Theorem (Thompson, June 2026)
Co <2/\/p =~ 1.573 i.e. every u,v € B(H) dilate to 2/,/pxcomm. unis.
Proof. u,v € B(H),S: *(Z) — (*(Z), py.: 1*(Z) — Cep, W € U(K)
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~=2/\/pa 1573 <1633 = 2\/; = c(u, u?) x e(ut, up)
-
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Thank you!

1.
2.
3.
4.

Gerhold and S., On the matrix range of random matrices, JOT 2021.
Gerhold, Pandey, S. and Solel, Dilations of unitary tuples, JLMS 2021.
Gerhold and S., Dilations of g-commuting unitaries, IMRN 2022.

Gerhold, Scherer and S., Empirical bounds for commuting dilations of
free unitaries and the universal commuting dilation constant, to

appear in JXM 2026.

Thompson, On the universal commuting dilation constant, preprint.

12/12



	Dilations of unitary tuples
	Upper bounding C2
	

