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A similarity problem

Given d-tuple of operators A = (Ay, ..., Ay) € B(H)%, does there exist an
invertible operator S such that

|1S7tA;S|| < 1foralli=1,...,d 7
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A commuting tuple A = (Ay, ..., Aq) € B(H)? is similar to a restriction of
M} ® Ik if and only if op(A) C Q.

Corollary (Ball 1977)

A commuting tuple A = (Ay, ..., Aq) € B(H)? is similar to a tuple of
strict contractions if and only if op(A) C D4 ie., iff

P)-lloe (A) = sup{||A||co = mlax\)\i] Aeorp(A)} <1

How to approach similarity problems for general tuples of operators?
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C¢ with operator space structure & = norm on tuples

A€ M,(ChH = (Ay,...,Ag) € M4
Concretely: let Q1...,Qq € B(K) s.t. £ =span{Q1,...,Qq4}
Define Q on M = 1122, M¢ by

d
QA) =D A;0Q; € My(B(K)) , A=(Ay,...,Aq) € M}

=1

Do == {A € MY ||A] == [Q(A)] < 1}
D = {Ae MIUBH): Al = |Q(A)]| < 1}

A similarity problem
Fix Q1,...,Qq € B(K). Given a d-tuple A does there exist S s.t.

STIAS = (871 A1S, ..., 871 448) e DY ?
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Example: £ = min(¢3°) and the NC polydisc

Do = {AeM’: A = QA <1}.

Qj = Ejj € My
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Example: £ = CZ  and the row ball

row

Do ={AeM’: 4] = [QA) <1}.

Qj = Ej € My
A Ay o Ay

Q(Ar,.... A7) =0 0 -0 ey,

d
A = [ Allrow = I[AL, .., Adlllgrasen = || 3 A;A5|"

j=1
The NC unit row ball is Dy = B, := {A € M || Allrow < 1}

When is A = (Ay,... Ay) similar to a strict row contraction?
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“The" joint spectral radius

Definition (Bunce 1984)
The joint spectral radius of A = (A1, ..., Ay) is defined to be
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Definition (Bunce 1984)
The joint spectral radius of A = (A1, ..., Ay) is defined to be

2n

1/n
= lim | 57 4v(avy| = lm (1A ui-al,o,)

lw|=n

Theorem (Bunce 1984/Popescu 2014)

A € B(H)? is similar to a strict row contraction if and only if p(A) < 1.

About the proof: One can use a noncommutative shift on a model space
and Rota's idea generalizes.
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|S~1AS||q < 1 if and only if

po(A) =lm| Y A“ - A" ® Quy ®h - O Qu, V" < 1
|w|=n
About the proof:
1. Using model theory does not work.
2. It uses NC function theory and the theory of CB maps.
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Commuting tuples revisited

Let £ = span{Q1,...,Qq} C B(K)?. Recall

1Alle =1 A5 ® Qll
i
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1Alle =1 A5 ® Qll
i

Theorem (Scherer—S—Shamovich)
If A e B(H)d /fAZAJ = AJAZ for all 1,7, then
pQ(A) = pjjo(A) = sup{[[Allq : A € o(A)}

Corollary: For a commuting tuple A the spectral radius pg(A) depends
only on the norm structure (C%, || - ||g) not on the operator space &.

Question: Does pg(A) depend on £ in general?
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Dependence on operator space structure

Definition

An operator space structure £ on C is said to be selfadjoint if

1(AT, - A = [[(As, - - Ag)|

forall A= (Ay,...,Ay) € M%
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Dependence on operator space structure (continued)

SEE
For every A € M?
Prow(A) = peol(A4)
On the other hand, there exists T' € B(H)? such that p.o (T) # peoi(T).
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Dependence on operator space structure (continued)

SEE
For every A € M?
prow(A) = peor(4)
On the other hand, there exists T € B(H)? such that p,ow (1) # peol(T).

Theorem (Scherer—S—Shamovich)

Let X be a Banach space with dim X = d > 3. Then there exist n € N
and A € M, (X) such that
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Dependence on operator space structure (continued)

SEE
For every A € M?

prOW(A) = pcol(A)
On the other hand, there exists T € B(H)? such that p,ow (1) # peol(T).

Theorem (Scherer—S—Shamovich)

Let X be a Banach space with dim X = d > 3. Then there exist n € N
and A € M, (X) such that

Pmin(X) (A) < Pmax(X) (A)

Question

Let & and & be two operator space structures on C?%. Does
pe, (A) = pg,(A) for every d-tuple of operators A imply that & = &7
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Thank you
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